It is well known that
Thus, for n > 1, there is a one-to-one correspondence between up-down and down-up permutations so that it suffices to consider the former. Let A(n, r) denote the number of up-down permutations of Z % = {1,2, , n) with r rises on the top line. Let C(n, r) denote the number of down-up permutations with r rises on the top line.
A rise is a pair of consecutive elements α, b with a < 6. Also we agree to count a conventional rise on the left. For example 132546, 426153 have 3 and 2 rises, respectively.
It will be instructive first to derive the generating functions for A(2n + 1) and A(2ri). We have A(ΐ) = 1 and
Hence if we put 49 50 it follows from F(z)(
Since G(0) = 1, this gives G(z) = sec «. Thus we have proved that 
Then (2.1) gives
If we put
(2.4) becomes 
U£( iya n (x)fr n=o (2n)l
Substituting in (2.5) we get
It follows at once from (2.6) that It follows by induction from
Also, using the fuller notation A(x, z), we have 
J3'(z) -A(z)(B(z) -1 + x) .
Replacing A(z) by ΪT'/C/, we get
Since J5(0) = 1, 17(0) -1, it follows from (3.4) that We shall now show that U -U(x, z) satisfies the functional equation
The left hand side of (4.7) is equal to
/ n V2(A;-1)Λ / n V2(A;-1)Λ by Vandermonde's theorem. It evidently follows from (3.5), (4.5), and (4.6) that (4.8)
and therefore (4.9) C(2n, r) == A(2n, n -r + 1) (1 ^ r ^ n) .
5.
Finally we consider C(2n + 1, r). We now take C(l, 1) = 1, C(l, r) = 0 (r ^ 1).
We have the recurrence
It follows that In view of (4.9),
we have also (6.5) A(2n + 2, Λ + 1) = 2*Λ! , (6.6) C(2Λ, W) = (2n -l)(2n -3) 3.1 .
7. We remark that the differential equation (1 -a) ) .
Finally we have Σ (-l) n ff(l + (2k
We may, if we prefer, express both U and V as hypergeometric functions of the type JF^.
